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Unsteady processes involving the propagation of perturbations in two-dimensional boundary layers are analysed in the strong
interaction regime. A system of characteristics and subcharacteristics corresponding to wave processes in gas dynamics as well
as convection and diffusion processes is determined. A system of equations describing the processes of weak interactions between
the flow in a laminar boundary layer and an external supersonic flow near a cooled surface is analysed. For a flow described by
the self-similar system of equations for the boundary layer, the velocity of propagation of perturbations as a function of a
temperature factor is determined from a numerical solution. Copyright © 1996 Elsevier Science Ltd.

The propagation of perturbations in a boundary layer is related to convection and diffusion processes
[1]. It has been shown by analysing the system of equations for a three-dimensional boundary layer [1]
that normal lines to the surface placed in the flow serve as the characteristics of this system. The form
of these characteristics and the conditions satisfied on them correspond to the propagation of
perturbations with infinite velocity in a direction normal to the surface. These effects are related to
diffusion processes, which occur in one direction in the system of equations for a boundary layer, which
is degenerate relative to the original Navier—-Stokes equations, and are determined by higher derivatives
in the boundary-value problem. To describe the propagation of perturbations related to convection it
is necessary to analyse the characteristics of the system of boundary-layer equations without higher
derivatives (subcharacteristics). The complete system of characteristics and subcharacteristics enables
qualitative conditions to be laid down for the boundary-value problem to be well-posed and enables
the zone of dependence and influence to be determined. Next, the equations of a two-dimensional
unsteady boundary layer were analysed and the system of characteristics and subcharacteristics was
determined in [2]. The study of characteristics and subcharacteristics was determined in [2]. The study
of characteristics and subcharacteristics in unsteady boundary layers containing cuspidal points led to
the conclusion that discontinuous solutions may develop with time [3].

At the same time, because of the no-slip conditions on the surface and the presence of a domain of
subsonic flow it is possible for perturbations to propagate due to wave processes. Experimental results
concerning the effects of upstream propagation of perturbations in supersonic boundary layers are
presented, for example, in [4]. Classical boundary-layer theory does not enable such processes to be
described because it is assumed that the pressure distribution is known in advance. A mathematical
model of linear processes of the interaction of a viscous flow in a boundary layer with an external inviscid
flow was proposed in [5]. The effects of strong local viscous-inviscid interaction turn out to be significant
in the case of upstream propagation of perturbations. When these effects are taken into account, it
becomes possible to describe local flows with separation [6-8], as well as flows in domains with large
local gradients [9-11].

An analysis of the propagation of perturbations in a three-dimensional boundary layer under steady
interaction conditions enable the corresponding subcharacteristic surfaces [12] separating the domains
of subcritical (subsonic on the average) and supercritical (supersonic on the average) flow to be
determined in a hypersonic boundary layer near a triangular airfoil. The definition of sub- and super-
critical flows is given in [13] for flows in which perturbations propagate upstream over distances
comparable with the boundary-layer thickness or significantly exceeding the boundary-layer thickness.

Below we analyse unsteady flows in a laminar boundary layer under strong interaction conditions.
Unsteady perturbations giving rise to viscous—inviscid interaction processes can be caused by time
variations of the base pressure, by a shock wave of variable intensity hitting the boundary layer, etc.
As has been shown in the study of hypersonic flows [14], upstream propagation over the whole surface
up to the leading eclge is characteristic for steady conditions of strong interactions. It is natural to assume
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that similar effects will also appear in unsteady flows, changing both the local and integral values of
surface friction, heat flux and pressure. Modelling processes of this kind are therefore important for
solving problems in practical aerodynamics.

1. We consider the flow past a flat surface (plate or wedge) at zero angle of attack to a free hypersonic
stream of viscous heat-conducting gas. It is assumed that the strong interaction regime [15] occurs, for
which the following relations are characteristic

M_ >, M 10 (1.1)

where M., is the Mach number of the free stream, and < is the dimensionless thickness of a laminar
boundary layer (t = O(Reg"?)). For Cartesian coordinates along the plate surface and normal to the
surface, time, velocity vector components, density, pressure, total enthalpy, and dynamic coefficient of
v1scos1ty we introduce the notation k, Iy, Iz, ltfi.., ., UV, Pup, Ptip, U2H/2, pop. The parameter
1 is either the characteristic length of the plate or the distance from the leading edge to the base of the
wedge. The infinity subscript denotes the dimensional parameters of the inviscid flow over the boundary
layer, while the zero subscript denotes the dimensional value of the dynamic coefficient of viscosity
computed at the stagnation temperature. It is assumed that the Reynolds number Rey = p.uJ/ is
large, but does not exceed the critical value at which the laminar regime can become turbulent. The
Reynolds number is known to increase significantly as the Mach number increases [16].

In accordance with the theory of strong hypersonic interactions, the domain of perturbed flow
near the surface placed in the flow is divided into two subdomains: 1—inviscid flow, 2—viscous flow

Fig. 1).

( The following asymptotic representations of the stream functions and coordinates correspond to
domain 1

X =X, y=1ty. =1

u(x,y,t, ) =1+..., v{x,yLt)=1,(x,y,.5)+. ..

p(x;t’yyt)=12p](x|7y|$t|)+~--a p(xsyvt"c)=p|(xlay]’t|)+"' (1.2)

Substituting expansions (1.2) into the system of Navier-Stokes equations and taking the limit (1.1)
we obtain a system of equations of the form

Iy, 9Py, B
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Fig. 1.
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with the following boundary conditions on the shock wave

) a+h @b} _2 [, 98
n=&0nn) P = -1 h= D) U= (y+1) ox, at]

and on the outer boundary of the boundary layer

2 95, 98
28 y 'y l _]
N=00nh) vy = (Y+l)(ax, * o, )

For the analysis below it is necessary to obtain a relation between the thickness 8, of the boundary
layer or the vertical velocity v,(x;, 8, #;) and the pressure perturbation p;(x,, t;). Below we use the
approximate relation

p=(y+) vi/2 (13)

which is an extension of the tangent wedge formula to the unsteady case.
The following asymptotic expansions and representations of coordinates are characteristic for domain 2

x=x, y=t. =4 (1.4)
u(x, y, 5, V) =uy (X, y. 4 )+.... vy, LT =T0(x,y,0)+...
P VLT = T2y (Xt ) +ees POE YT = T2P0 (X, 30 1) )

H(x,y,t,1)= Hy(x,y.,8)+...

Substituting expansions (1.4) into the system of Navier-Stokes equations and taking the limit (1.1),
we obtain a system of equations for an unsteady boundary layer. The replacement of variables

%o
X=x1, T=t‘, Y [(?Y’YCO)J —%JJ Rdyl, u2 =g_;
0

pr=xP, py=xR, C,=Pyo G=H, A=G-U>

reduces the corresponding boundary-value problem to the form

Xa_U (U_aﬂ_a_F a_UJ_f oU B(Y_l) _i az_U

oT oX oX aY) 4 oy 4y C, oY?

3G 9G _dF 3G\ F a6 (y-1) oP P a2
X—+xju2L_2 X 15
aT ( X oX ay) T M Tt W (1.5)

| %
2X oP ¥-DG [*% a+b 3A (BA 9A
=-1+== A= dy,
g P X’ [mﬂ]({AY P==3 Hax aT)

U=F=0, G=g, Y=0, U=G=l Y=o
P(1, T =)

where it is assumed that the dynamic coefficient of viscosity depends linearly on temperature, the Prandtl
number is equal to one, and the last boundary condition corresponds to the given time dependence of
the base pressure drop.

We will first determine the characteristic (subcharacteristic) surfaces Q(X, T) related to the function
P(X, T), which is unknown in advance and can be determined in the course of solving the problem.
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After making the change of variables
XY, T-QYT (1.6)

the boundary-value problem (1.5) takes the form

oU oF aU oP oG oF oG oP

= = = 2= =D 1.7
3 3q ay*CAan) B "(S ? ) a7

Here

-1 2 :
S=U+a, a::-a—g-(ag) , b:XaQ B= [aU+F aU+—————(Y—I)A—X§_U_:I

oT ox’ ¥ 4 9y 4y oT
_a-b 9°G F oG oP 3G

= —— —— — —-———-X——
2P [ay2+4 TR T Tt

The interaction condition, relating the pressure distribution with the boundary-layer displacement
thickness, can be transformed as follows:

0 _ f ophey— b3 ié)
b(l+a)an c(e QPYHy-1) 4 X5 (1.8)

The derivative on the left-hand side of (1.8) can be expressed in accordance with the above expression
for the displacement thickness

A -
W _(y-1 G ”(ac au) 1 oP
_— 22U — |dY - — —~— AdY
Q (21 PZJ [I Q ~ 0Q PanJ

To compute the derivatives with respect to Q in the integrands one can use (1.5), from which it follows that

oF S oP ' A Y 9G | oF aG D 2CAaT oP
=2 4| SdY+S dY, — == — —+ =+ =
oN- P ag+!, s? £ s? a S IQ oY S S o

oP (1.9)
bN = — = PM :
9Q
/2 0
o > B 7D (2 = A2 2
M={ Bdy-S* Zdy-|L1—c c, —= [ AdY
[ oar-s] o] Qar-[Tla | e wa] Gar-ciy

The condition defining the subcharacteristic surface has the form

24,2
(0=b ]GV, j(c U)dy =0 (1.10)
2 o (U+ra)

and is an extension of Pearson’s integral [17]

oo 242 o
=00 7 GV iy (G-vtay (1.11)
2 0 U 0
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the sign of which depends on the mean value of the Mach number in the boundary layer. A negative
value of the integral corresponds to supersonic flow on the average, while a positive value corresponds
to a flow that is subsonic on the average.

Relation (1.10) has a simple physical meaning. The average flow velocity over the profile exists in a
hypersonic boundary layer. This being so, if the average velocity of sound is greater than the average
flow velocity, then the flow in the boundary layer is subcritical and perturbations propagate upstream.
Correspondingly, the flow will be supercritical if the average velocity is less than the velocity of sound.

Formula (1.10) can be obtained from (1.11) by a simpler method. We change from the stationary system of
coordinates X, T to a system X;, T moving upstream at constant velocity X; = X + aT.

In the moving system of coordinates the velocity in the boundary layer is equal to U; = U + a and the difference
G, - U?| = G - U* does not change because it is proportional to the gas temperature. Substituting the expressions
for U; and G into (1.1), we obtain (1.10) with U;, G; in place of U, G.

According to the above definitions

a=(3Q/9X)3Q/T) ' =—dX 1dT

A sound wave propagating upstream (downstream) corresponds to @ > 0 (¢ < 0). The first integral in (1.10)
converges when a < 0, since |a > 1.

As an example, we shall present the dependence of the upstream and downstream wave propagation velocities
on the temperature factor obtained when solving the self-similar system of equations obtained from (1.5). These
functions are presented in Fig. 2. It can be seen that the velocity of upstream propagation of perturbations tends
to zero as the temperature factor decreases, which means passing to supercritical conditions.

Relation (1.10) can also be obtained for other forms of flow. An analysis of (1.7)—(1.9) shows that
(1.10) also holds for generalized local conditions for the relation between the induced pressure and
displacement thickness of the form P = I'(A, dA/dX), including the conditions for flow in a plane-parallel
channel (A = const).

It should also be noted that the velocity profiles and enthalpies in (1.10) may also correspond to
turbulent flows.

2. The mutual influence of viscous and inviscid flows studied above corresponds to a global (strong)

interaction, which appears in the limit (1.1) over the whole length of the body. It is also known that in
the limit as

M, >, M. 1, -0 2.1

where 1, is the dimensionless boundary-layer thickness (t; = O(gy), &g = pgu..i/ilg), strong interaction
processes, which appear, for example, under the influence of base pressure variations or other causes,

a2 Y4774
a. a4
a._
g7 / 2005
z,
:‘/ 7

Fig. 2.
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have a local character and are present at distances asymptotically small compared with the body length.
Thus, in the limit (2.1), subject to the relations

g, >0, € M. =0(), ApMVg;®%5% = 0(1)
(where ® is the exponent in the exponential dependence of the viscosity on the temperature) the
boundary-value problem describing the perturbed flow has the form [18, 19]
2

al, +U08U0 +VoaU° +_a_1_>0_=a Uzo

a7, aX, oY, dX, dY

aU, . ¥ aD, oF,

0,20 -9 P=-—L+N,—2

* 0=73x, O aX,

Xo =00, Up(Xp. Yo, Ty) =Yy
Yo-‘)"o, Uo(Xo,Yo,To)-——Y0+D0(X0,To)+0(1)

By = ApaggiwoMZ (Y~ 1)) (22)
Xp = (x- 12 a3g® Ve M (y - 1A
Yo = yQapg, e M (-7
Up = (2™ agg > PegM, (v - 1))/
Ny = (d1, 1 dp)(2* a3g Ve M (y - 1)™)h
where the parameter ag is proportional to the friction stress in the boundary layer in front of the
interaction domain (ag = €5(du/dy),,).

If we change to the new variables

Xo, ¥, Ty = Qo (X0, Tp) 1o, Ty

in the boundary-value problem (2.2), then, after some reductions we can obtain the followmg
expression

oP, M oQ
P M“"*P"[axz]’ M=otk
= 4y, 30, (92, )
h=] —l—. a-= ="
o (a+Up) dX, A\ 9T,

In the case of small amplitude perturbations, when a; + Uy = a; + Yy, we have a; = -1/ N,

3. Consider the system of characteristics and subcharacteristics for all the functions appearing in the
boundary-value problem (1.5). If the pressure P(X, T) is assumed to be given in this problem, the change
of variables (1.6) enables us to obtain the following relation after some reduction

AP, /0Q=B,, Ay=diag(z’,z%,z). ®,=col(U,G,F), z=090/3Y

Acoordlng to the definition of a characteristic, from the condition det 4y = 0 one can obtain (32 /
dY)’ = 0. It follows that the lines (X, T) = const normal to the surface are the characteristics of the
system of equations for an unsteady boundary layer. These characteristics are related to diffusion
processes occurring normal to the surface within the flow, which give rise to the propagation of
perturbations at infinite velocity.

To analyse the propagation of perturbations in planes parallel to the surface placed in the flow, which
are described by first-order differential operators, it is necessary to consider the system of equations
for an unsteady boundary layer without higher derivatives.
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The replacement of variables (1.6) in the corresponding system of equations obtained from (1.5) yields

A0 ¢ U

. . 0Q  0Q 9F aQ . 9Q U

A=l 0 &l ®=| Gl ArerrUsiax v 9T Tax ar
0 0 2 F

The characteristics corresponding to this problem or the subcharacteristics of the original problem can
be determined from the condition

A?9Q/3Y =0 (3.1)

The analysis of an analogue of this relation derived for incompressible flow [2] enables us to determine
the zones of dependence and influence. It turned out that the local zone of influence on the flow in
the neighbourhood of the line (X3, T;) = const is bounded by surfaces whose projections onto the plane
Y = 0 are determined by the maximum and minimum values of the derivative dX/dT = U(X,, Y, T}).

We will consider the boundary-value problem (1.5) describing the flow in an unsteady boundary layer
under strong interaction conditions. Changing to the variables (1.6) and using (1.9) to determine the
derivative dP/dQ, we find that

A 0 0 ¢ U
0 A 0 ¢ G
Ay = e, =
0 0 z 0 F
0 0 0 ¢ P
X(y-1) 9Q X(y-1)(G-U? 9Q Q
Cy = — o e —————e e —— y = —
2T X @ VP o =Ny
The relation defining the subcharacteristics takes the form
2
oQ i‘Z(?ﬁhUa_Q_iﬁ 99) =0 (3.2)
0X dY\dT 0X odX 9dY

where the additional term as compared to (3.1) corresponds to gas-dynamical wave processes.

The relations presented above and the zones of influence and dependence determined from them
must be taken into account both when formulating boundary-value problems for the system of equations
of an unsteady boundary layer under strong interaction conditions and when constructing the
corresponding difference schemes. Formula (3.2) can be extended to the case of a three-dimensional
unsteady interacting boundary layer.
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